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1. Introduction
Optimal design of tax systems requires knowledge about the behavioral effects of taxes. There
are, however, many challenges in estimating the effects of taxes on, e.g., labor supply in the
form of earnings or hours of work. A major difficulty is that real-world tax systems create
nonlinear budget sets. The most popular approach to addressing this difficulty is linearizing
the budget set around the observed labor supply outcome 1 and estimating the effect of this
budget set characterized by its slope and intercept. 2 However, the slope and intercept are
determined by the marginal tax rate, which is endogenous to the labor supply outcome.
Furthermore, optimization errors in labor supply may cause the observed slope to differ from
the slope the individual acted upon. In addition to presenting estimation difficulties, these
issues also make it difficult to simulate the labor supply effects of a tax reform.
Structural approaches can account for many of the nonlinear budget set issues. The
popular static discrete choice method treats the decision problem as a multiple choice problem
and estimation is conducted using maximum likelihood methods. 3 It is possible to extend the
standard model to account for features such as fixed costs of work, labor demand quantity
restrictions, and the stigma cost of welfare participation. However, a number of distributional
and functional form assumptions are typically needed to account for complications such as
observed and unobserved preference heterogeneity, and optimization and measurement
errors. 4 The potential bias arising from imposing these types of assumptions (if they do not
hold) or from not accounting for these complications has rarely been investigated. The paper
by Van Soest et al. (2002) is an exception: they show that the standard approach of not
accounting for an additive optimization or measurement error in hours of work may induce a
significant bias. 5
In this paper, I develop a structural method that accounts for nonlinear budget sets and
complications such as preference heterogeneity, and optimization and measurement errors,
without requiring any distributional assumptions. As in the standard discrete choice method, I
discretize the labor supply options. However, instead of estimating the utility function, I
derive the labor supply function. This function can then be flexibly approximated using a
polynomial in its arguments, and it can be estimated with least squares. Once having the
budget sets, estimation is simple to implement unlike the standard method.
A labor supply option can be characterized by its labor supply level and the amount of
net income this level provides which depends on the tax and transfer system. Each option is
therefore two-dimensional. The labor supply function depends in general on the entire budget
set and has a dimensionality of two times the number of options. This function would not be
1

The linearized and the original budget sets yield the same optimum if data are generated by utility
maximization with globally convex preferences and there are no optimization errors, as noted by Diewert (1971).
2
The slope is the marginal net-of-tax rate when earnings are the outcome and the marginal net wage when hours
of work are the outcome. In a linear (not linearized) budget set, the intercept would be unearned income.
3
Earlier papers that developed this method include Dagsvik (1994), Van Soest (1995), Hoynes (1996), Keane
and Mofitt (1998), and Van Soest et al. (2002). Numerous other papers apply the method including Aaberge et
al. (1995), Aaberg et al. (1999), and Blundell and Shephard (2012).
4
Although many of these assumptions can be relaxed, doing so typically complicates the already complicated
estimation considerably.
5
This is even though the standard approach allows for a Type I extreme value distributed error term in the utility
function that often is interpreted as an optimization error.
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feasible to estimate if no additional assumptions were made about preferences or the budget
set. I show that imposing a weak joint restriction on preferences and the budget set reduces
the dimensionality of the labor supply function. The assumption is that preferences on the
budget frontier are convex in labor supply, implying that there is a uniquely preferred, but not
necessarily practically available or chosen, option for every individual. This assumption
allows for but does not limit behavior to utility maximization with convex preferences in
convex budget sets. 6
The resulting labor supply function is a sum of three-dimensional functions over the
labor supply options where each option depends on the net income level, the net income
derivative (with respect to labor supply), and the labor supply level on the budget frontier.
Because the summation is over functions with the same structure, the dimensionality of the
sum is also three, and it is feasible to approximate and estimate the sum using polynomials
imposing only the equality restrictions implied by the model. Precision and computational
requirements are therefore independent of the number of options used to approximate the
budget set, in contrast with the standard discrete choice method. The approximating terms are
transparent and have a geometrical interpretation: they represent functions of distances,
slopes, and areas under the budget frontier. The labor supply function is an intuitive and
parsimonious extension of a labor supply function on a linear budget set that would be twodimensional and depend on the net income level and derivative (at some fixed labor supply
level) on the budget frontier.
It is possible to extend the model by specifying a more complicated utility function, as
in the standard discrete choice method, to account for features such as fixed costs of work,
labor demand quantity restrictions, and the stigma cost of welfare participation.
The drawback of not making any distributional assumptions is that the distribution of
error terms cannot be estimated. Consequently, the expected labor supply function does not
provide any knowledge about the labor supply distribution. I show, however, that it is
straightforward within my framework to derive and estimate a tax revenue function, and labor
supply cumulative distribution and probability density functions (including a participation
probability function), to assess the distributional effects of taxes.
My method is applicable for both earnings and hours of work, unlike the standard
discrete choice method, which can only be applied to hours of work. Earnings are a broader
measure of labor supply because earnings include the effort dimension of work, which was
demonstrated to be potentially important by Feldstein (1995, 1999). 7 Focusing on the effects
on earnings avoids the need for data on hours of work and gross wage rates, which often are
not available when administrative data sources are used. I show how my framework can be
6

The assumption allows for nonconvexities in the budget set that are less nonconvex than the preferences are
convex.
7
The taxable income literature typically uses the linearization approach. Differencing techniques are used to
account for any unobserved heterogeneity correlated with the budget set, an issue that is largely neglected by
structural methods. The endogeneity of the net-of-tax-rate issue is addressed using instrumental variables. See
Gruber and Saez (2002) for the standard method and Saez et al. (2012) for an overview. The typical instrument is
based on functions of lagged income, which may have its own effect on current income and therefore must be
controlled for. Identification therefore rests on functional form assumptions, and Kopczuk (2005) and Giertz
(2008) show that results are very sensitive to the functional form chosen. Weber (2014) also reports sensitivity to
which set of lags to use for constructing the instruments. In the hours of work literature, Blomquist (1996)
reports similar sensitivity to instrument choice in the linearization approach.
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adapted for investigating hours of work without requiring access to a gross wage rate variable.
This is advantageous because it circumvents issues related to cases when the gross wage rate
cannot be observed for everyone (it is often not observed for nonworkers) or is imputed
through dividing earnings with hours of work, which could potentially cause a serious
division bias in the estimation (Eklöf and Sacklén, 1999).
The approach that I take of focusing on the labor supply functions rather than the utility
function is similar to two other structural methods for estimating hours of work, the Hausman
method (Burtless and Hausman, 1978; Hausman, 1985) and Blomquist and Newey’s (2002)
method. A major difference is that both of these methods begin from piecewise-linear convex
budget sets and convex preferences. The Hausman method is similar to the standard method
in making a number of distributional assumptions and employing maximum likelihood
estimation. Blomquist and Newey show that the distributional assumptions in the Hausman
method could bias the estimation.
The developed method shares a number of similarities with Blomquist and Newey’s
(2002) method, including not requiring any distributional assumptions and estimating labor
supply functions that are functions of the entire budget set. The flexible polynomial
approximation of the labor supply functions is another common feature. 8 My labor supply
function is, however, more intuitive and parsimonious. 9 It also makes better use of the
variation between budget sets by pooling the variation across different parts of the budget
sets, resulting in less sensitivity to the functional form and outliers and better precision. 10 In
addition to Blomquist and Newey’s method also being more restrictive on the shapes of
budget sets and preferences, extending their model to account for fixed costs of work, labor
demand quantity restrictions, and the stigma cost of welfare participation does not seem
straightforward. 11
I include two empirical applications in the paper: estimation of labor supply effects in
the U.S. and Sweden, using data from 2006, from the Panel Study of Income Dynamics
(PSID) for the U.S. and Hushallens Ekonomi (HEK) for Sweden. I investigate the effects for
households that filed jointly in the U.S. and for married or cohabiting men in Sweden. I report
slope elasticities that correspond to uniform increases in tax rates across the budget set. For
the U.S., I find an earnings slope elasticity of 0.27, an hours of work slope elasticity of 0.01,
and a tax revenue slope elasticity of -2.43. Except for the tax revenue elasticity, precision is
low. For Sweden, I find an earnings slope elasticity of 0.42 and a tax revenue slope elasticity
of -0.17. Precision for the tax revenue elasticity is low. I also estimate the effects on the
distribution of earnings for Sweden. The results show that tax decreases primarily decreased
8

Van Soest et al. (2002) show that the utility function in the standard discrete choice method can also be flexibly
approximated and estimated.
9
For instance, my functions each contain one symmetric term that sums over points on the budget frontier,
whereas their function contains two terms of different types where one sums over segments interacted with
kinks.
10
These advantages could be important for the implementability in many applications in which either the data set
or the variation in budget sets is small, e.g., when only a single cross section is available. Applications of
Blomquist and Newey’s method thus far have always used several cross sections with different tax regimes to
obtain more variation in budget sets (e.g., Kumar, 2007; Liang, 2012).
11
Although their method was developed for analyzing expected hours of work, it is possible to extend their
method for analyzing earnings, and it is likely also possible to extend it for analyzing functions that depend on
the labor supply distribution. See Blomquist et al. (2014) for developments in these directions.
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the share of individuals with one-eighth to one-half the average earnings and increased the
share of individuals with average or above average earnings. All estimated income elasticities
are close to zero for both the U.S. and Sweden.
The paper proceeds as follows: In the next section, I describe the basic framework.
Section 3 presents some extensions of the model. Section 4 shows how to estimate the model.
Sections 5 and 6 report results from the empirical applications. The final section concludes.

2. Basic framework
2.1 Basic setup
The individual choice problem at hand is two-dimensional. The individual chooses (𝑐𝑐, 𝑦𝑦)
subject to a constraint 𝑐𝑐(𝑦𝑦). There are 𝐽 𝑦𝑦-options indexed by 𝑗, and the options are spaced
with a distance 𝛿 between each. Hence, 𝑦𝑦𝑗 = 𝑗𝛿, 𝑗 ∈ {0,1, … , 𝐽}. Because of the constraint,

choosing 𝑦𝑦𝑗 uniquely determines 𝑐𝑐𝑗 = 𝑐𝑐�𝑦𝑦𝑗 �. Letting 𝛿 → 0 and 𝐽 → ∞, we obtain the case
that 𝑦𝑦 is a continuous choice. The constraint function 𝑐𝑐(𝑦𝑦) can be described by 𝐵 =
�𝑦𝑦0 , 𝑐𝑐0 , … , 𝑦𝑦𝐽 , 𝑐𝑐𝐽 � containing 2𝐽 variables. 12 The setup allows but does not require 𝑐𝑐(𝑦𝑦) to be
continuous.
In the static labor supply application, 𝑐𝑐 is consumption or net income and 𝑦𝑦 is a labor
supply measure such as earnings or hours of work. 𝑐𝑐(𝑦𝑦) is then the budget constraint and 𝐵
the budget set, and both describe the consumption possibilities on the budget frontier. The
problem is complicated by the fact that 𝑐𝑐(𝑦𝑦) could be nonlinear. Real tax and transfer systems
often, but not always, produce piecewise-linear continuous convex budget sets.
The individual maximizes the utility function
𝑈 = 𝑈(𝑐𝑐, 𝑦𝑦, 𝑒),

(1)

𝑚𝑎𝑥 𝑈(𝑐𝑐, 𝑦𝑦, 𝑒) s.t. 𝑐𝑐 = 𝑐𝑐(𝑦𝑦) ⟺

(2)

where 𝑒 is an error term representing individual heterogeneity in preferences for labor supply
and consumption. The utility function is assumed to be monotonic, complete, continuous, and
increasing in 𝑐𝑐 and decreasing in 𝑦𝑦. I work with a one-dimensional 𝑒, but it is straightforward
to allow 𝑒 to be multi-dimensional. Additional error-term dimensions could, e.g., be used to
represent unobserved job characteristics, as in the standard discrete choice method. 13 It is
possible to let individual heterogeneity consist of two terms, observed and unobserved
heterogeneity, 𝑧 and 𝑒, and work with the utility function 𝑈(𝑐𝑐, 𝑦𝑦, 𝑧, 𝑒); the derivations in this
paper would still be possible.
The individual’s decision problem is now
𝑐,𝑦

𝑚𝑎𝑥 𝑢(𝑦𝑦, 𝑒) = 𝑈(𝑐𝑐(𝑦𝑦), 𝑦𝑦, 𝑒).
𝑦

(3)

These variables vary between individuals but they are parameters from the point of view of the function 𝑐𝑐(. )
for a given individual.
13
In this method, 𝑈 = 𝑈1 (𝑐𝑐, 𝑦𝑦, 𝑒−1 ) + ∑𝑗 1�𝑦𝑦𝑗 = 𝑗� 𝑒𝑗 where 𝑒−1 represents individual heterogeneity and 𝑒𝑗
represents unobserved job characteristics attached to labor supply option 𝑗. Whereas 𝑒−1 is typically assumed to
be normally distributed, each 𝑒𝑗 is assumed to be Type I extreme value distributed.
12
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The optimization problem results in the desired labor supply choice
𝑦𝑦 𝑑 (𝐵, 𝑒) = 𝑦𝑦𝑗 if 𝜇𝑗 (𝐵, 𝑒) ⟺ 𝑢𝑗 > 𝑢𝑘 for all 𝑘 ≠ 𝑗,
𝑢𝑗 = 𝑢�𝑦𝑦𝑗 , 𝑒� = 𝑈�𝑐𝑐𝑗 , 𝑦𝑦𝑗 , 𝑒�.

(4)
(5)

𝑢𝑗 is the utility function on the budget frontier.
Now, allow the observed labor supply choice 𝑦𝑦 to contain an optimization error 𝜀 in
addition to the desired labor supply 𝑦𝑦 𝑑 according to
𝑦𝑦 = 𝑦𝑦(𝑦𝑦 𝑑 , 𝜀).

(6)

𝜀 can capture that individuals may not be able to fine-tune their labor supply choices, e.g.,
because of job availability issues, and often have to choose among a limited set of labor
supply options. 14 A priori, this component can be large and important for many individuals. 15
This type of error term tacked on to the labor supply outcome follows the approach taken by
the Hausman (1985) method. 16 Van Soest et al. (2002) remark that a suitably specified error
term in the utility function (see footnote 13) can serve the same purpose. However, in their
simulation exercise, they show that estimation is biased when there is an additive optimization
error term in desired labor supply, despite their allowing for an error term in the utility
function that intended to capture this error. 17 I allow 𝜀 to be multidimensional and contain,
e.g., a measurement error in addition to the optimization error.
I assume that the error terms are independent of the budget set in Assumption 1.
Assumption 1. 𝑒 and 𝜀 are independent of 𝐵.

When allowing for observed heterogeneity 𝑧, we only require independence conditional on 𝑧.
Letting 𝐹(𝑒, 𝜀) be the distribution function,
𝐸(𝑦𝑦) = 𝑌(𝐵) = � � 𝑦𝑦�𝑦𝑦𝑗 , 𝜀�𝑑𝐹 �𝑒, 𝜀|𝜇𝑗 (𝐵, 𝑒)�.
𝑗

(7)

Structural methods focus on estimating the parameters of 𝑌(. ) or 𝑈(. ). The standard way to
proceed is to make functional form assumptions on 𝑈(. ) and 𝑦𝑦(. ), and distributional
assumptions on 𝐹(𝑒, 𝜀), and to use maximum likelihood estimation, in which case the
parameters of 𝐹(𝑒, 𝜀) can also be estimated. In the standard discrete choice method (e.g.,
Dagsvik, 1994; Van Soest, 1995; Hoynes, 1996; Keane and Mofitt, 1996; Van Soest et al.,
2002), 𝑐𝑐(𝑦𝑦) is allowed to have any functional form. In the Hausman method (e.g., Burtless
and Hausman, 1979; Hausman, 1985), 𝑐𝑐(𝑦𝑦) is restricted to be piecewise linear and weakly
concave.
14

If we know the exact options for the individuals, these restrictions can be addressed by appropriately
modifying the budget set 𝐵.
15
Structural models for piecewise-linear budget sets typically produce a disproportionate number of individuals
who want to locate at kink points. Typically little or no bunching is observed in practice (Saez, 2010), which
implies either small behavioral responses or large optimization errors.
16
Hausman does this additively.
17
It is possible that this bias arises because of the restrictive distributional assumption (type I extreme value
distribution) on the optimization error in the utility function that is essential for implementability in the standard
discrete choice method.
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Another way to proceed is to not make any distributional assumptions and to directly
and only estimate parameters of 𝑌(. ), as in Blomquist and Newey (2002). This can be done
by approximating 𝑌(𝐵) by functions of 𝐵. The approximation can be done flexibly by using
polynomials, and estimation can be carried out with least squares. The fundamental difficulty
is that 𝐵 is 2𝐽-dimensional. Accounting for the entire budget set leads to a curse-ofdimensionality problem, and estimation is not feasible when the number of options grows.
Blomquist and Newey restrict the budget set to be piecewise linear and convex as in the
Hausman (1985) method, and they impose a number of restrictions that are implied by utility
maximization with convex preferences. Their procedure reduces 𝑌(𝐵) to two terms, one
having a dimensionality of two and the other a dimensionality of three, respectively, which is
feasible to approximate and estimate.
The approach taken here is similar, but it does not restrict the budget set to be piecewise
linear and convex. Note that the summation over labor supply options sums over integrals
with the same functional form because the optimization problem at each option has the same
structure. Summing over options imposing the equality restrictions therefore increases neither
the dimensionality nor the number of terms to be approximated. The fundamental problem,
however, is that the optimality of each option described by the condition 𝜇𝑗 (𝐵, 𝑒) depends on
the entire budget set. I reduce the dimensionality by imposing one restriction on this
condition.

2.2 Key assumption
To reduce the dimensionality of the expected labor supply function in Eq. (7), I only make
one joint assumption on preferences and the budget set, which is described in Assumption 2.
Assumption 2. Preferences on the budget frontier are convex in labor supply:
𝑢𝑗 > 𝑢𝑘 and/or 𝑢𝑗 ≥ 𝑢𝑙 for all 𝑦𝑦𝑘 < 𝑦𝑦𝑗 < 𝑦𝑦𝑙

(8) 18

This assumption requires utility to be increasing in labor supply up to a certain level (the level
could be the endpoints) and decreasing thereafter. The assumption guarantees that there is a
uniquely preferred (but not necessarily practically available or chosen) option for every
individual given her preferences and budget set. Because the requirement is on the budgetconstrained preferences, it is a joint assumption on the shapes of preferences and the budget
set. 19 The requirement neither implies nor is implied by convex preferences.
Two consequences of the assumption are crucial for the derivation of the labor supply
function. These consequences are stated in Lemmas 1 and 2. All proofs are presented in
Appendix A1.
18

For simplicity, I assume strict convexity from below. This implies that an individual chooses the smaller of
two labor supply options if the options have the same utility. It would be straightforward to assume strict
convexity from above instead or to allow weak convexity from above and below, and/or to have individuals
randomizing between adjacent options with the same utility without any implications for estimation.
19
Whereas convex preferences are equivalent to the utility function being quasi-concave, convex budgetconstrained preferences are equivalent to the budget-constrained utility function and the Lagrangian function of
the problem in Eq. (1) being quasi-concave.
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Lemma 1. Assumption 2 implies that an option is locally optimal if it is preferred to its two
adjacent options. For interior labor supply options,
𝑦𝑦 𝑑 = 𝑦𝑦𝑗 if and only if 𝜇𝑗′ �𝑐𝑐𝑗 , 𝑐𝑐𝑗−1 , 𝑐𝑐𝑗+1 , 𝑦𝑦𝑗 , 𝑒� ⟺ 𝑢𝑗 > 𝑢𝑗−1 and 𝑢𝑗 ≥ 𝑢𝑗+1 .

(9)

For the corner solutions 𝑦𝑦0 and 𝑦𝑦𝐽 , we only require 𝑢0 ≥ 𝑢1 and 𝑢𝐽 > 𝑢𝐽−1 respectively.

Lemma 2. Assumption 2 implies that no interior option can be less preferred than both of its
two adjacent options:
�𝑐𝑐𝑗 , 𝑦𝑦𝑗 �: 𝑢𝑗 ≤ 𝑢𝑗−1 and 𝑢𝑗 < 𝑢𝑗+1 is empty for all 𝑦𝑦𝑗 ,

(10)

Lemma 1 guarantees that there is only one local maximum that is also a global maximum. We
can therefore check whether a labor supply option is the preferred one by checking whether it
is locally optimal, which we do by comparing it with its neighboring options and ignoring all
other options. Lemma 2 rules out local minima. Assumption 2 and the implied Lemmas 1 and
2 are restrictions on the convexity of the budget set in relation to the convexity of preferences.
In Corollary 1, I further prove that Assumption 2 allows, but does not limit behavior to, utility
maximization with convex preferences in convex budget sets.
Corollary 1. Assumption 2 allows for utility maximization with convex preferences in convex
budget sets.
Convex budget-constrained preferences can accommodate some nonconvexities in the
budget set and preferences. This assumption allows nonconvexities in the budget set where
the utility on the budget frontier is monotonic in labor supply in the nonconvex region. This is
illustrated in the top-left figure in Figure 1, in which utility is increasing in the nonconvex
region. It also does not specifically rule out cases in which individuals may want to locate in
nonconvex regions. One such case is illustrated in the top-right figure in Figure 1. There, we
see that we require that preferences are more convex than the budget set is nonconvex.
Nonconvexities that create non-monotonic budget-constrained preferences are illustrated in
the bottom figures in Figure 1. The two figures have in common that an indifference curve
crosses the budget frontier twice in the nonconvex region. 20 This implies that there is a utility
minimum in this area, which is not allowed by Lemma 2. In the bottom-right figure, this
nonconvexity creates two globally optimal labor supply options.

20

Given monotonic and complete preferences, we implicitly require single-crossing in the nonconvex areas.
Note that double-crossing outside of the nonconvex regions is allowed, as in the top figures.
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Figure 1. Nonconvexities allowed (top figures) and not allowed (bottom figures)

2.3 Expected labor supply function
Lemma 1 reduces the global optimization problem of which labor supply option to choose
into many local problems of whether to choose a certain option. Each local problem only
depends on a comparison between neighboring options and a condition 𝜇 ′ (. ) that depends on
the four budget set variables: 𝑐𝑐𝑗 , 𝑐𝑐𝑗−1, 𝑐𝑐𝑗+1 , and 𝑦𝑦𝑗 . Straightforward summation over the
interior options imposing the equality restrictions therefore gives a four-dimensional function.
In Theorem 1, I show that exploiting the repetitive structure implied by Lemma 1 and a
decomposition implied by Lemma 2 reduces the dimensionality to three and accounts for the
end points at the same time.
Theorem 1. Given Assumptions 1 and 2 and the utility function in Eq. (1), expected labor
supply is (by the law of total expectation)
𝐽−1

𝐸(𝑦𝑦) = � 𝜋�𝑐𝑐𝑗 , 𝑐𝑐𝑗′ , 𝑦𝑦𝑗 � ,
𝑗=0

𝜋�𝑐𝑐𝑗 , 𝑐𝑐𝑗′ , 𝑦𝑦𝑗 � = ��𝑦𝑦�𝑦𝑦𝑗 + 𝛿, 𝜀� − 𝑦𝑦�𝑦𝑦𝑗 , 𝜀��𝑑𝐹�𝑒, 𝜀|𝑢𝑗+1 > 𝑢𝑗 � ,

(11)

𝑢𝑗+1 = 𝑢�𝑐𝑐𝑗+1 = 𝑐𝑐𝑗 + 𝑐𝑐𝑗′ , 𝑦𝑦𝑗 + 𝛿�, 𝑢𝑗 = 𝑢�𝑐𝑐𝑗 , 𝑦𝑦𝑗 �.

The labor supply expression in Eq. (11) has an intuitive interpretation. It is a sum over
terms at all labor supply options, where the term at each option depends only on �𝑐𝑐𝑗 , 𝑐𝑐𝑗′ , 𝑦𝑦𝑗 �,
which are the net income level, the net income derivative, and the labor supply level on the
budget frontier. The dimensionality is independent of the number of options used to
approximate the budget frontier. When allowing for observed heterogeneity 𝑧, the labor
9

supply function increases in dimensionality by the dimension of 𝑧. It is possible to restrict
observed heterogeneity to entering through a single index 𝛾𝑧, in which case the
dimensionality would only increase by one. 𝛾 can be estimated using the procedure described
by Ichimura (1993).
Consider the case of a linear (or linearized) budget set. The budget set 𝐵 could then be
completely characterized by two numbers, such as the unearned income, 𝑐𝑐0 , (the intercept
with the consumption axis) and the slope, 𝑐𝑐′ (the derivative with respect to labor supply),
which is the net-of-tax rate when 𝑦𝑦 is earnings. 𝑌(𝐵) = 𝑌(𝑐𝑐0 , 𝑐𝑐′) would then be twodimensional. It is straightforward to see how the derived labor supply function nests this
special case as 𝑐𝑐𝑗 = 𝑐𝑐𝑗 (𝑐𝑐0 , 𝑐𝑐 ′ ) = 𝑐𝑐0 + 𝑐𝑐 ′ 𝑦𝑦𝑗 and 𝜋�𝑐𝑐𝑗 , 𝑐𝑐𝑗′ , 𝑦𝑦𝑗 � = 𝜋�𝑐𝑐0 , 𝑐𝑐 ′ , 𝑦𝑦𝑗 � in this case. A

polynomial approximation results in 𝐸(𝑦𝑦) = ∑ 𝜋�𝑐𝑐0 , 𝑐𝑐 ′ , 𝑦𝑦𝑗 � = 𝑚(𝑐𝑐0 , 𝑐𝑐 ′ ) ∑ 𝑛�𝑦𝑦𝑗 � = 𝑌(𝑐𝑐0 , 𝑐𝑐 ′ ).
From the point of view of the full model, we see that the linearized budget set model of the
nonlinear budget set model results in a misspecification because the constant consumption
level 𝑐𝑐0 and slope 𝑐𝑐 ′ are entered instead of the varying consumption levels 𝑐𝑐𝑗 and slopes 𝑐𝑐𝑗′ .
The nonlinear budget set extension is made straightforward by involving the net income level
and derivative not only at one point but at all points. Furthermore, each point may contribute
differently, which can be described by the interaction effects with the labor supply level of
that point. This feature increases the dimensionality by one.
The derivation of the expected labor supply function here is related to but simpler than
the one presented by Blomquist and Newey (2002). In addition to being less restrictive on
preferences and the budget set, the derived expression here is more intuitive and
parsimonious. Both labor supply expressions have a sum term that is three-dimensional. The
summation in their case, however, goes over characteristics of the segments and kinks of the
piecewise-linear budget set frontier. Because budget sets have different numbers of kinks and
segments of different lengths that are located at different labor supply levels, the
interpretation of the sum term is less intuitive in their function. Their expression also contains
another two-dimensional term that depends on characteristics of the last segment. 21 The
reduction in the number of terms here and the resulting “symmetrical” (in each labor supply
option) expression is attributable to the imposition of more equality restrictions that is implied
by utility maximization.
Although convex budget-constrained preferences are assumed, the structure of the labor
supply expression can accommodate more general data-generating processes. The essential
ingredient is that the contribution of a labor supply option in a budget set to the labor supply
function only depends on the level and derivative characteristics of that option. 22 The
convexity assumption, however, must hold in order for the labor supply estimates to be
coherent with the behavioral utility maximization model. I do not, however, empirically
impose the assumption by constraining the parameters in the empirical specification.

Their labor supply expression, for a piecewise-linear budget set with 𝐽 segments indexed by 𝑗, is characterized
by �𝜃𝑗 , 𝑟𝑗 , 𝑘𝑗 �, 𝑗 = 1, … , 𝐽 , where 𝜃 is the slope, 𝑦𝑦 is the intercept with the consumption axis, and 𝑘 is the kink
point, and it has the form 𝐸(𝑌) = 𝑌��𝜃𝐽 , 𝑟𝐽 � + ∑𝐽−1
𝑗=1�𝜑�𝜃𝑗 , 𝑟𝑗 , 𝑘𝑗+1 � − 𝜑�𝜃𝑗+1 , 𝑟𝑗+1 , 𝑘𝑗+1 ��. Liang (2012) and
Kumar (2012) demonstrate that an additional term 𝜌(𝑤1 , 𝑦𝑦1 ) is needed to address censoring at zero labor supply
(which I allow for here).
22
Individuals may, however, make nonlocal comparisons, e.g., because they have a limited set of options, which
can be captured by the optimization error term.
21
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3. Extensions
3.1 Augmented preferences
It is simple to use the developed framework to incorporate additional features of the labor
supply decision. In this subsection, I show how to extend the model to account for fixed costs
of work, labor demand quantity restrictions, and the stigma cost of welfare participation.
These are features that can be addressed using the standard discrete choice method but not by
Hausman’s (1985) or Blomquist and Newey’s (2002) methods.
In the data, one typically observes excess density at zero labor supply. One explanation
could be that it is the outcome that individuals who desire less than zero labor supply (such as
paying for more leisure, if this choice were available) would choose. Even if the distribution
of desired labor supply is smooth, observed labor supply may bunch. Another explanation is
that there are fixed costs of work such as commuting costs. The standard discrete choice
method typically has to model fixed costs to fit the excess density observed in the data. We
can allow for such costs here by introducing an indicator variable 𝑦𝑦−0 = 1(𝑦𝑦 > 0) in the
utility function that becomes
𝑈 𝐹 (𝑐𝑐, 𝑦𝑦, 𝑦𝑦−0 , 𝑒),

(12)

𝑢𝑗𝐹 = 𝑢𝐹 �𝑦𝑦𝑗 , 𝑒� = 𝑚𝑎𝑥�𝑈 𝐹 �𝑐𝑐𝑗 , 𝑦𝑦𝑗 , 1, 𝑒�, 𝑈 𝐹 �𝑐𝑐𝑗 , 0,0, 𝑒��.

(13)

which is decreasing in 𝑦𝑦−0 . Furthermore, rewrite Eq. (5) as

Fixed costs of work allow for a discrete jump in utility, and, clearly, convex budgetconstrained preferences may not hold at zero labor supply. To check whether an interior
option is optimal, we also must therefore always compare it with the zero labor supply option.
Using Eq. (13), Assumption 2 can be appropriately modified, and it implies and comes to
require that the fixed-cost-augmented preferences are convex on the budget frontier such that
for each option, we choose the option �𝑐𝑐𝑗 , 𝑦𝑦𝑗 , 1� or (𝑐𝑐0 , 𝑦𝑦0 , 0) with the higher utility. Nonaugmented preferences being convex imply that fixed-cost-augmented preferences are
convex, and the modified assumption is therefore less restrictive. Through a similar
derivation, such as for Theorem 1, we can derive the expected labor supply expression in
Theorem 2.
Theorem 2. Given Assumptions 1 and 2 and the utility function in Eq. (12), which can
account for fixed costs of work, expected labor supply is
𝐽−1

𝐸 𝐹 (𝑦𝑦) = � 𝜋�𝑐𝑐𝑗 , 𝑐𝑐𝑗′ , 𝑐𝑐0 , 𝑦𝑦𝑗 � ,
𝑗=0

(14)

𝐹
𝜋�𝑐𝑐𝑗 , 𝑐𝑐𝑗′ , 𝑐𝑐0 , 𝑦𝑦𝑗 � = ��𝑦𝑦�𝑦𝑦𝑗 + 𝛿, 𝜀� − 𝑦𝑦�𝑦𝑦𝑗 , 𝜀��𝑑𝐹�𝑒, 𝜀|𝑢𝑗+1
> 𝑢𝑗𝐹 �.

We see that accounting for fixed costs of work increases the dimensionality of the expected
labor supply function by one compared with the basic function in Eq. (11).
It is possible to introduce discrete labor demand quantity constraints in labor supply in a
conceptually and methodologically similar manner as that for fixed costs of work by letting
11

certain options carry a disutility. In the case of hours of work, take the case of full-time to be
what is normally offered by employers. Other options may then be rarely offered and
associated with an additional search cost. Describe full-time work by 𝑦𝑦40 = 1(𝑦𝑦 = 40). The
utility function may then be described by 𝑈 40 = 𝑈(𝑐𝑐, 𝑦𝑦, 𝑦𝑦40 , 𝑒), which is increasing in 𝑦𝑦40 ,
where instead of giving other options a disutility, we give full-time work an extra utility.
Derivation of the labor supply function may then proceed as it does with fixed costs, resulting
in a labor supply function that depends on the additional argument 𝑐𝑐40 . Obviously, allowing
for too many discrete constraints increases the dimensionality to a great extent, and it
decreases the possibility of feasible estimation.
When the quantity constraints are continuous in 𝑦𝑦, the original utility function in Eq. (4)
that allows a continuous effect of 𝑦𝑦 on the utility suffices. Assumption 2 then comes to
require that the quantity-constraints-augmented preferences are convex on the budget frontier.
If the number of options is larger in the interior (such as for the commonly concavely
distributed earnings distribution), the augmented preferences on the budget frontier would
normally be more concave and, therefore, less restrictive.
Now, let us augment the utility function to incorporate the stigma cost of welfare
participation. Describe the budget frontier without welfare participation 𝑐𝑐(𝑦𝑦), the budget
frontier with welfare participation 𝑐𝑐 𝑆 (𝑦𝑦), and the stigma cost 𝑠. The utility function then
becomes
𝑈 𝑆 (𝑐𝑐, 𝑦𝑦, 𝑠, 𝑒).

(15)

𝑢𝑗𝑆 = 𝑢 𝑆 �𝑦𝑦𝑗 , 𝑒� = 𝑚𝑎𝑥�𝑈 𝑆 �𝑐𝑐𝑗 , 𝑦𝑦𝑗 , 0, 𝑒�, 𝑈 𝑆 �𝑐𝑐𝑗𝑆 , 𝑦𝑦𝑗 , 1, 𝑒��

(16)

Furthermore, rewrite Eq. (5) as

Assumption 2 is now a requirement that the welfare-participation-augmented preferences are
convex on the welfare-participation-augmented budget frontier where for each option, we
choose the option �𝑐𝑐𝑗 , 𝑦𝑦𝑗 , 0� or �𝑐𝑐𝑗𝑠 , 𝑦𝑦𝑗 , 1� with the higher utility. The expected labor supply
function increases in dimensionality by two compared with the basic function in Eq. (11) and
is presented in Theorem 3.
Theorem 3. Given Assumptions 1 and 2 and the utility function in Eq. (15) which can account
for the stigma cost of welfare participation, expected labor supply is
𝐽−1

𝐸 𝑆 (𝑦𝑦) = � 𝜋�𝑐𝑐𝑗 , 𝑐𝑐𝑗′ , 𝑐𝑐𝑗𝑆 , 𝑐𝑐𝑗′𝑆 , 𝑦𝑦𝑗 � ,
𝑗=0

(17)

𝑆
𝜋�𝑐𝑐𝑗 , 𝑐𝑐𝑗′ , 𝑐𝑐𝑗𝑆 , 𝑐𝑐𝑗′𝑆 , 𝑦𝑦𝑗 � = ��𝑦𝑦�𝑦𝑦𝑗 + 𝛿, 𝜀� − 𝑦𝑦�𝑦𝑦𝑗 , 𝜀��𝑑𝐹�𝑒, 𝜀|𝑢𝑗+1
> 𝑢𝑗𝑆 �

3.2 Revenue and distribution functions
One drawback of focusing on expected labor supply is that this entity does not provide
knowledge about the distributional effects of the budget set. Using methods that make
distributional assumptions, one can typically estimate distributional parameters and obtain the
distributional effects through simulations. In this subsection, I show how to derive estimable
12

functions that depend on the distributional effects. The functions include the expected revenue
function, and the cumulative distribution and probability density functions.
Observe that instead of integrating over 𝑦𝑦 in Theorems 1 to 3, we could replace the
integrand by functions of 𝑦𝑦. With regard to revenue from labor supply defined as the
difference in revenue between a labor supply option and not working, we have:
𝑟(𝑦𝑦) = 𝑟(𝑐𝑐, 𝑐𝑐0 , 𝑦𝑦, 𝑦𝑦0 , ) = (𝑦𝑦 − 𝑦𝑦0 ) − (𝑐𝑐 − 𝑐𝑐0 )

(18)

The expected revenue function increases in dimensionality by one compared with the
expected labor supply function in Eq. (11) and is presented in Theorem 4.
Theorem 4. Given Assumptions 1 and 2, the utility function in Eq. (1), and the revenue
function in Eq. (18), the expected revenue function is:
𝐽−1

𝐸(𝑟) = � 𝜋�𝑐𝑐𝑗 , 𝑐𝑐𝑗′ , 𝑐𝑐0 , 𝑦𝑦𝑗 � ,

(19)

𝑗=0

𝜋�𝑐𝑐𝑗 , 𝑐𝑐𝑗′ , 𝑐𝑐0 , 𝑦𝑦𝑗 � = ��𝑟�𝑐𝑐𝑗 + 𝑐𝑐𝑗′ , 𝑐𝑐0 , 𝑦𝑦𝑗 + 𝛿, 𝜀� − 𝑟�𝑐𝑐𝑗 , 𝑐𝑐0 , 𝑦𝑦𝑗 , 𝜀��𝑑𝐹�𝑒, 𝜀|𝑢𝑗+1 > 𝑢𝑗 �

Now I derive the cumulative distribution and probability density functions (cdf and
pdfs). The cumulative distribution function at 𝑘 is defined as
𝑦𝑦𝑘 (𝑦𝑦) = 1[𝑦𝑦 > 𝑘]

(20)

𝑦𝑦𝑘,𝑙 (𝑦𝑦) = 1[𝑦𝑦 > 𝑘 and 𝑦𝑦 ≤ 𝑙]

(21)

Labor supply participation is the special case in which 𝑘 = 0. A probability density function
can be defined as
The expectation functions are presented in Theorem 5.

Theorem 5. Given Assumptions 1 and 2 and the utility function in Eq. (1), Pr(𝑦𝑦 > 𝑘) and
Pr(𝑘 < 𝑦𝑦 ≤ 𝑙) are:
𝐽−1

𝑃𝑟(𝑦𝑦 > 𝑘) = � 𝜋�𝑐𝑐𝑗 , 𝑐𝑐𝑗′ , 𝑦𝑦𝑗 � ,
𝑗=0

(22)

𝜋�𝑐𝑐𝑗 , 𝑐𝑐𝑗′ , 𝑦𝑦𝑗 � = � �1�𝑦𝑦�𝑦𝑦𝑗 + 𝛿, 𝜀� > 𝑘� − 1�𝑦𝑦�𝑦𝑦𝑗 , 𝜀� > 𝑘�� 𝑑𝐹�𝑒, 𝜀|𝑢𝑗+1 > 𝑢𝑗 �,
𝐽−1

𝑃𝑟(𝑘 < 𝑦𝑦 < 𝑙) = � 𝜋�𝑐𝑐𝑗 , 𝑐𝑐𝑗′ , 𝑦𝑦𝑗 � ,
𝑗=0

(23)

𝜋�𝑐𝑐𝑗 , 𝑐𝑐𝑗′ , 𝑦𝑦𝑗 � = � �1�𝑘 < 𝑦𝑦�𝑦𝑦𝑗 + 𝛿, 𝜀� ≤ 𝑙� − 1�𝑘 < 𝑦𝑦�𝑦𝑦𝑗 , 𝜀� ≤ 𝑙�� 𝑑𝐹�𝑒, 𝜀|𝑢𝑗+1 > 𝑢𝑗 �.

It is also possible to recover the pdfs from the estimates of the cdf over the entire earnings
range. Furthermore, the quantile function is the inverse cumulative distribution function, and
the distribution of quantile effects can therefore also be recovered from the cdf effects.
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3.3 Hours of work function
It is possible to use the basic framework to estimate hours of work functions by letting the
outcome variable be hours of work, now denoted by ℎ. The budget frontier would then be
determined not only by the tax system but also by the gross wage rate 𝑤 according to
𝑐𝑐𝑗 = 𝑐𝑐�ℎ𝑗 𝑤�. The gross wage rates therefore provides additional variation in the budget set
𝐵 = �𝑐𝑐0 , ℎ0 , … , 𝑐𝑐𝐽 , ℎ𝐽 �.

(24)

𝑈(𝑐𝑐, 𝑦𝑦, 𝑤, 𝑒) = 𝑈(𝑐𝑐, ℎ(𝑦𝑦, 𝑤), 𝑒).

(25)

This is the standard approach to modeling hours of work. An advantage is that useful
variation in the gross wage rate helps identification considerably when there is little variation
in the tax system. However, it requires that the gross wage rate is exogenous and observed. If
it is not observed for some workers, e.g., nonworking individuals, we could predict the wage
rate, although the prediction error would need to be addressed. 23 Often, the analyst only has
access to earnings and hours of work and can only obtain a measure of the gross wage rate as
𝑤 = 𝑦𝑦⁄ℎ where 𝑦𝑦 is used to denote earnings here. In these cases, the prediction error often
generates a large division bias in the estimation as shown by Sacklén and Eklöf (1999).
There is an alternative approach to model hours of work within the framework here that
does not require the gross wage rate to be observed or predicted. Let the utility function be
Retain 𝑐𝑐𝑗 = 𝑐𝑐�𝑦𝑦𝑗 � and the description of the budget set 𝐵 = �𝑐𝑐0 , 𝑦𝑦0 , … , 𝑐𝑐𝐽 , 𝑦𝑦𝐽 �. Now let the
gross wage rate be a function of a gross wage rate prediction 𝑤 𝑝 and a prediction error 𝜀 𝑤 ,
i.e., 𝑤 = 𝑤(𝑤 𝑝 , 𝜀 𝑤 ). In the most extreme form, we can set the prediction to a constant. Now,
incorporate 𝜀 𝑤 as an element in the error terms 𝑒 and 𝜀 in the utility and observed hours of
work functions, respectively. The expected hours of work function is almost identical to the
expected earnings function and is presented in Theorem 6.
Theorem 6. Given Assumptions 1 and 2 and the utility function in Eq. (25), the expected
hours of work function is:
𝐽−1

𝐸(ℎ) = � 𝜋�𝑐𝑐𝑗 , 𝑐𝑐𝑗′ , 𝑦𝑦𝑗 � ,
𝑗=0

𝜋�𝑐𝑐𝑗 , 𝑐𝑐𝑗′ , 𝑐𝑐0 , 𝑦𝑦𝑗 �

= ��ℎ�𝑦𝑦𝑗 + 𝛿, 𝜀� − ℎ�𝑦𝑦𝑗 , 𝜀��𝑑𝐹�𝑒, 𝜀|𝑢𝑗+1 > 𝑢𝑗 �

(26)

A crucial assumption in Theorem 6 (as with most other methods) is that the gross wage rate
prediction error is exogenous. This can be relaxed by introducing observed heterogeneity 𝑧
and letting the prediction depend on 𝑧, i.e., 𝑤 𝑝 = 𝑤 𝑝 (𝑧) and 𝑤 = 𝑤(𝑧, 𝜀𝑤 ). As in the case
when observed heterogeneity is included for earnings, this would increase the dimensionality
of the labor supply function by the dimensionality of 𝑧. However, we do not actually need to
estimate the gross wage rate function.
23
Unobserved wage rates due to censoring at zero hours of work are a common obstacle when trying to estimate female labor
supply functions. Kumar (2013) provides a recent application that fully accounts for this complication by imputing wage
rates.
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4. Estimation
4.1 Polynomial approximation
The terms in the labor supply functions in Theorems 1 to 6 can be flexibly approximated
using polynomials and estimated by least squares. Polynomials are convenient because the
equality constraints implied by the model are easily incorporated into the estimation by
excluding interaction terms (Stone, 1985) and by imposing the equality of coefficients (Porter,
1998). I show how to approximate and estimate the basic expected labor supply function in
Eq. (11). Approximate it as
𝐽−1

𝐽−1

𝑗=0

𝑗=0

𝑝 (𝑝) ′ 𝑝𝑐′ (𝑝) 𝑝𝑦 (𝑝)
𝑐𝑐𝑗
𝑦𝑦𝑗
.

� 𝜋�𝑐𝑐𝑗 , 𝑐𝑐𝑗′ , 𝑦𝑦𝑗 � ~ 𝑥𝑃 = (𝑥1 , … , 𝑥𝑃 ), 𝑥𝑝 = � 𝑐𝑐𝑗 𝑐

(27)

𝑃 denotes the number of approximating terms, 𝑝 indexes them, and 𝑝𝑐 , 𝑝𝑐 ′ , and 𝑝𝑦 are
integers. 𝑝𝑐 + 𝑝𝑐 ′ + 𝑝𝑦 is the order of the polynomial approximation.
The approximating terms have intuitive interpretations. The first-order term in 𝑐𝑐 is ∑𝑐𝑐,
which is the area of the budget set below the budget frontier. The other first-order term is ∑𝑐𝑐 ′ ,
which is the sum of the net income derivatives between adjacent labor supply levels. This is a
measure of the average slope in the budget set, and it is also the increase in net income
between the starting and ending points, 𝑐𝑐𝐽 − 𝑐𝑐0. Whereas ∑𝑐𝑐 is a measure of the average
consumption possibilities in the budget set, ∑𝑐𝑐 ′ measures the number of these possibilities
that are due to labor supply rather than unearned income. ∑𝑦𝑦 is a constant and is dropped.
2

The second-order terms are ∑𝑐𝑐 2 , ∑𝑐𝑐 ′ , ∑𝑐𝑐𝑐𝑐 ′ , ∑𝑐𝑐𝑦𝑦, and ∑𝑐𝑐 ′ 𝑦𝑦. The squared terms give
different weights to net incomes and net income derivatives at different net income and
derivative levels. The interaction term between net income and its derivative accounts for
derivatives possibly having different importance at different net income levels. The
interaction terms with the labor supply level give different weights to net incomes and net
income derivatives at different labor supply levels. The second-order terms characterize the
budget set beyond its average level and starting and ending points by providing measures of
where net incomes appear in the budget set. The same holds true for terms of even higher
order. Because many of the higher-order terms describe similar features of the budget set,
some of them may be collinear or close to collinear and cannot be included in the estimation.
The results are, however, quite insensitive to the exact set of higher-order terms included.
To illustrate how the approximating terms differ for different budget sets, consider the
budget sets in Figure 2. In the top-left figure, there are two budget sets with a different ∑𝑐𝑐. In
the top-right figure, there are two budget sets with the same ∑𝑐𝑐 but a different ∑𝑐𝑐 ′ . In the
bottom-left figure, there are two budget sets with the same ∑𝑐𝑐 ′ but a different ∑𝑐𝑐. Finally, in
the bottom-right figure, there are two budget sets with the same ∑𝑐𝑐 and ∑𝑐𝑐 ′ but different
second-order terms. We can see how the characterization depends on the properties of the
different regions of the budget set.
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𝑐𝑐

𝑐𝑐

𝑐𝑐

𝑦𝑦

𝑦𝑦

𝑐𝑐

Figure 2. Budget sets with different approximating terms

𝑦𝑦

𝑦𝑦

Notes: The left-hand figures have different budget set areas; the right-hand figures have the same areas.

Blomquist and Newey (2002) also approximate their expected labor supply expression using
polynomials. 24 Because the labor supply expression here is more parsimonious, fewer
approximating terms are needed for the expression. The difference arises because each term
here makes use of characteristics of the entire budget set and pools the variation. 25 Pooling the
variation also results in more degrees of freedom and less sensitivity to the choice of
functional form (i.e., which approximating terms to include). The approximating terms
become smoother, which decreases the sensitivity to outliers and makes the problem of poor
support in some regions, which are common problems of higher-order terms, less likely. 26
These advantages may not matter in some applications but could be decisive for precision in
other applications, such as in applications with cross-sectional data.

4.2 Selection of approximating terms
It is possible to select the approximating terms more or less flexibly or even
nonparametrically. This can be done using cross-validation as in Blomquist and Newey
(2002) or using Lasso as in Blomquist et al. (2014). I use the cross-validation criterion

24

They also demonstrate that their sum term (see the second term of the labor supply expression in footnote 21)
has a convergence rate that is uniform in an unbounded number of segments for a polynomial approximation,
using results from Newey (1997). This result is also applicable here, and it thereby results in a convergence rate
that is independent of the number of points used to approximate the budget frontier.
25
In their case, the four first-order approximating terms only use characteristics of either the starting or ending
points of the budget set, namely, the first and last segment slopes and intercepts with the consumption axis.
Independent variation in these parts of the budget set is therefore needed for identification, unlike here.
26
This is similar to how budget-set-induced consumption possibilities are pooled in the utility function in the
discrete choice method, for which the amount of variation is seldom a problem, in contrast to the method by
Blomquist and Newey (2002).
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𝑦𝑦
�
� .
𝑖
∑𝑖(𝑦𝑦 − 𝑦𝑦�𝑖 )2

(28)

𝑖

𝑆𝑆𝐸 is the sum of squares of the forecast errors where the forecast of observation 𝑖, 𝑦𝑦�𝑖−𝑖 , is the
predicted value using all but the 𝑖-th observation. Dividing 𝑆𝑆𝐸 by the sample sum of squares
of 𝑦𝑦 makes the cross-validation value invariant to the scale of 𝑦𝑦. Maximizing the crossvalidation value minimizes the asymptotic mean-square error, and the bias decreases to zero
at the same rate as the standard error according to Andrews (1991). More terms are needed for
asymptotic inference so that the bias decreases to zero more quickly than the standard error. I
choose specification by sequentially adding the lowest-order term that has not yet been added
and that performs well regarding the cross-validation criterion compared with the other terms.
I continue until the cross-validation value begins to decrease substantially.

4.3 Labor supply elasticities
The parameters of the labor supply functions describe the labor supply effects of various
aspects of the budget set. Individually, however, they are completely uninformative, but they
can be used to construct measures of the responsiveness of labor supply to budget set changes.
In linear or linearized budget sets, the responsiveness can be measured by the labor supply
effect of varying the slope or the intercept. In nonlinear budget sets, there is not a single slope
or intercept. I follow the approach taken by Blomquist et al. (2014), who measure the
responsiveness to slope changes by tilting the slope of each segment in the piecewise-linear
budget set. They show that tilting the slope by the same absolute amount keeps the intercept
of each segment fixed. 27 The linear budget set slope elasticity is a special case that tilts the
only slope keeping the only intercept fixed. From a policy perspective, the tilt corresponds to
the rate decrease of a proportional tax such as a local proportional tax. 28
Adapted to the discretized budget set, tilting the slope corresponds to increasing the net
income at each labor supply level with an amount that is proportional to the labor supply
level, i.e., increasing 𝑐𝑐𝑗 to 𝑐𝑐𝑗 + 𝑦𝑦𝑗 𝑎, and 𝐵 = �𝑐𝑐0 , 𝑦𝑦0 , … , 𝑐𝑐𝐽 , 𝑦𝑦𝐽 � to 𝐵 ∗ = �𝑐𝑐0∗ = 𝑐𝑐0 +
𝑦𝑦0 𝑎, 𝑦𝑦0 , … , 𝑐𝑐𝐽∗ = 𝑐𝑐𝐽 + 𝑦𝑦𝐽 𝑎, 𝑦𝑦𝐽 �. Letting 𝑓(𝐵 ∗ ) be the labor supply function, the marginal slope
effect can be constructed as
𝐽−1

𝑑𝑓(𝐵 ∗ )
𝑑𝑓(𝐵 ∗ )
=�
𝑦𝑦 .
𝑑𝑎
𝑑𝑐𝑐𝑗∗ 𝑗

(29)

𝑗=0

A measure of slope elasticity can be obtained by normalizing the marginal effect by a suitable
labor supply level and slope. I normalize by the average labor supply level and average slope
(over points and individuals) in the data set.
27

It also keeps the kink points fixed. In contrast, a proportional increase in slope, which is often used in the
literature, does not keep the intercepts fixed. In piecewise-linear budget sets, it is possible to increase slopes
proportionally for every segment in a way that keeps intercepts fixed by shifting kink points proportionally
downwards. In that case, however, moving these kink points will have additional effects on labor supply in
addition to the slope effect.
28
It does not, however, correspond to decreases in payroll tax or an increase in the gross wage rate because these
also involve changes in intercepts or kinkpoints.
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A measure of income elasticity can be constructed by increasing the net income level at
all labor supply levels by the same amount, i.e., increasing 𝑐𝑐𝑗 to 𝑐𝑐𝑗 + 𝑏 and
𝐵 = �𝑐𝑐0 , 𝑦𝑦0 , … , 𝑐𝑐𝐽 , 𝑦𝑦𝐽 � to 𝐵 ∗∗ = �𝑐𝑐0∗∗ = 𝑐𝑐0 + 𝑏, 𝑦𝑦0 , … , 𝑐𝑐𝐽∗∗ = 𝑐𝑐𝐽 + 𝑏, 𝑦𝑦𝐽 �. The marginal income
effect is then
𝐽−1

𝑑𝑓(𝐵 ∗∗ )
𝑑𝑓(𝐵 ∗∗ )
=�
.
𝑑𝑏
𝑑𝑐𝑐𝑗∗∗

(30)

𝑗=0

I normalize to obtain an elasticity using the average labor supply and average unearned
income.

5. Application: The U.S.
5.1 Data
In the first empirical application, I estimate the effects of taxes on earnings, hours of work,
and tax revenues for the U.S. using data from the Panel Study of Income Dynamics (PSID).
To avoid complications related to how to address productivity growth over time (as discussed
by Blomquist et al., 2014), I use a single cross section from 2006. The PSID is a survey data
set and contains many demographic variables that are important to include as control
variables because variation in budget sets within years is largely determined by demographic
variables. In the taxable income literature based on linearizing the budget set, it is important
to have accurate information on income variables to avoid measurement errors in the
linearized budget set (which depends on the income variables). Therefore, administrative data
are often preferred despite the lack of extensive demographic variables in these data. Because
I account for the entire budget set, such measurement error problems do not arise here.
Instead, the measurement errors in the income variables appear in the labor supply outcomes
and are accounted for in the adopted framework. 29
In the estimation, I limit the sample to households that filed jointly (most households
did this) and had heads of household between 21 and 60 years old. This is economically the
most important group. Households with income levels above 200,000 USD, which comprise
approximately 5% of the sample, are excluded. This leaves 2,775 observations.
Because the marginal tax rates apply to the joint income of the household, each
household faces a single budget set. I treat the joint labor supply choice as a single household
decision, i.e., using a unitary household model, as in most other papers that use American
household data (e.g., Gruber and Saez, 2002). I use NBER-TAXSIM to construct the budget
set of each household. Taxes and transfers are calculated for each 1,000 USD in earnings from
0 to 200,000 USD, holding unearned income constant. Unearned income is set to be the net
income generated by the gross income difference between adjusted gross income and
earnings, and it consists of net capital income and transfers received when having zero
earnings. Consumption taxes are not adjusted for (in contrast with the later application on
Swedish data).
29

This is in contrast to methods that focus on estimating the utility function.
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I use the following control variables: number of children (3 groups), age (8 groups),
education level (12 groups), occupation (11 groups), industry sector (11 groups), and ethnicity
(2 groups).
In Appendix B, sample statistics for a number of outcome, budget set, and demographic
variables are first reported in Table B1. The distribution of gross earnings and the marginal
tax rate schedule for a representative household (residing in Colorado) are then presented in
Figure B1. On average, households earned 74,754 USD and worked 3,474 hours. They paid
23% of their gross earnings in taxes, generating average tax revenues of 17,308 USD. The
budget sets had, on average, a net income level of 75,919 USD, a net-of-tax rate of 0.70, and
an unearned income level of 2,359 USD. Approximately 3% of the households had no
earnings. Typically, first-dollar marginal tax rates were approximately 0 and top marginal tax
rates were approximately 0.45.

5.2 Results
The estimation results for household earnings are reported in Table 1. I use the model that
allows for fixed costs of work in Eq. (14). The empirical specification is described in Eq. (27).
Regressors are sequentially added 30 as we proceed to specifications further down in the table
and are selected using the cross-validation criterion 𝐶𝑉 in Eq. (28). Slope and income
elasticities are reported as the marginal effects in Eqs. (29) and (30) normalized by the sample
average gross earnings, budget set slope, and unearned income.
Table 1. Elasticity estimates for earnings
Budget set regressors

𝐶𝑉
0.2612

∑ 𝑐𝑐, ∑ 𝑐𝑐 ′ , 𝑐𝑐02 , ∑ 𝑐𝑐 ′ 2

0.2637

∑ 𝑐𝑐, ∑ 𝑐𝑐 ′ , 𝑐𝑐02 , ∑ 𝑐𝑐 ′ 2 , 𝑐𝑐0 ∑ 𝑐𝑐, 𝑐𝑐0 ∑ 𝑐𝑐 ′ , ∑ 𝑐𝑐 ′ 𝑦𝑦, 𝑐𝑐0

0.2654

∑ 𝑐𝑐, ∑ 𝑐𝑐 ′

∑ 𝑐𝑐, ∑ 𝑐𝑐 ′ , 𝑐𝑐02 , ∑ 𝑐𝑐 ′ 2 , 𝑐𝑐0 ∑ 𝑐𝑐, 𝑐𝑐0 ∑ 𝑐𝑐 ′

0.2650

∑ 𝑐𝑐, ∑ 𝑐𝑐 ′ , 𝑐𝑐02 , ∑ 𝑐𝑐 ′ 2 , 𝑐𝑐0 ∑ 𝑐𝑐, 𝑐𝑐0 ∑ 𝑐𝑐 ′ , ∑ 𝑐𝑐 ′ 𝑦𝑦, 𝑐𝑐0 , ∑ 𝑐𝑐𝑐𝑐 ′ , ∑ 𝑐𝑐𝑦𝑦

0.2641

Slope elasticity
0.49
(0.25)
0.27
(0.26)
0.37
(0.26)
0.27
(0.27)
0.30
(0.29)

Income elasticity
-0.01
(0.00)
-0.03
(0.00)
-0.02
(0.01)
-0.02
(0.01)
-0.02
(0.01)

Notes: Standard errors are reported in parentheses. All specifications include control variables for number of
children, age, education level, occupation, industry sector, and ethnicity. Elasticities are evaluated at the sample
average gross earnings level of 74,754 USD, the average slope of 0.70, and the average unearned income level of
2,359 USD.

The cross-validation value first increases when additional regressors are added, until the
fourth reported and preferred specification, when the value is 0.2654. After this specification,
the value decreases. The estimated slope elasticity is 0.49 in the first specification and then
decreases towards 0.30; it is 0.27 in the preferred specification. The standard errors are,
however, large. They are approximately the size of the estimated slope elasticities in most

30

They are added one at a time in the estimation but two at a time in the presented table to save space.
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specifications, and the slope elasticities are therefore statistically insignificant. 31 The
estimated income elasticity is approximately zero in all specifications. The income elasticities
are all statistically insignificant, but they are quite precisely estimated.
The estimation results for household earnings, hours of work, and tax revenues are
reported in Table 2. Only estimates from the preferred specification (chosen by the crossvalidation criterion) are reported to save space. Estimates without control variables are also
reported to illustrate the importance of their inclusion.
Table 2. Elasticity estimates for earnings, hours of work, and tax revenues
Outcome
Earnings

Budget set regressors

∑ 𝑐𝑐, ∑ 𝑐𝑐 ′ , 𝑐𝑐02 , ∑ 𝑐𝑐 ′ 2 , 𝑐𝑐0 ∑ 𝑐𝑐, 𝑐𝑐0 ∑ 𝑐𝑐 ′ , ∑ 𝑐𝑐 ′ 𝑦𝑦, 𝑐𝑐0

No controls
Hours of work

∑ 𝑐𝑐, ∑ 𝑐𝑐 ′ , ∑ 𝑐𝑐 ′ 2 , ∑ 𝑐𝑐𝑦𝑦, ∑ 𝑐𝑐 2 , 𝑐𝑐0 , ∑ 𝑐𝑐 ′ 𝑦𝑦

No controls
Tax revenues

∑ 𝑐𝑐, ∑ 𝑐𝑐 ′ , ∑ 𝑐𝑐 ′ 2 , 𝑐𝑐02 , ∑ 𝑐𝑐 2

No controls

Slope elasticity
0.27
(0.27)
1.01
(0.30)
0.01
(0.20)
0.51
(0.20)
-2.43
(0.39)
-1.27
(0.43)

Income elasticity
-0.02
(0.01)
-0.01
(0.01)
-0.02
(0.01)
-0.01
(0.00)

Notes: Standard errors are reported in parentheses. Except for the No controls specifications, the control
variables included are number of children, age, education level, occupation, industry sector, and ethnicity.
Elasticities are evaluated at the sample average gross earnings level of 74,754 USD, the average slope of 0.70,
and the average unearned income level of 2,359 USD. The mechanical slope elasticity of tax revenues without
behavioral effects is -3.02. 32

The first specification merely reproduces the results for earnings from the preferred
specification in Table 1. For hours of work, the estimated slope elasticity is 0.01 and
statistically insignificant. The income elasticity is -0.02 and also statistically insignificant. For
tax revenues, the estimated slope elasticity is -2.43 and statistically significant. A uniform
increase in marginal net-of-tax rates obtained by decreasing tax rates therefore decreases tax
revenues significantly. The estimate can be compared with the loss in tax revenues from a tax
decrease when there are no behavioral effects, which would result in a slope elasticity
of -3.02. The estimated elasticity is smaller because the tax decrease increases labor supply,
generating tax revenues that counteract the mechanical loss. If tax rates were at the Laffer
maximum, the slope elasticity would be zero because the behavioral effects would fully
counteract the mechanical effect. Finally, we note that not including control variables leads to
larger labor supply slope elasticities and therefore a smaller tax revenue elasticity.

31

Because of the low precision, I do not report results for the estimation of the cdf and pdfs, which are all
statistically insignificant. I do, however, do this in the next section for Sweden, for which I have a larger sample
and therefore higher precision.
32
Because increasing unearned income is not directly related to tax rates, the income elasticity of tax revenues is
not interesting and therefore not reported.
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The earnings and hours of work slope elasticities that I obtain are low compared with
the estimates in the previous literature. 33 However, the exact elasticity concept and the point
of evaluation often differ between studies. Blomquist et al. (2014) show that the nonlinear
budget set slope elasticity that is used here is lower than a linear budget set elasticity. 34

6. Application: Sweden
6.1 Data
In the second empirical application, I estimate the effects of taxes on earnings and tax
revenues for Sweden using data from Hushallens Ekonomi (HEK) provided by Statistics
Sweden. Again, I use a single cross section from 2006. The data set contains administrative
data on many economic variables as well as demographic variables. Additionally, the data set
has been complemented with survey data on a number of economic variables related to the
budget set, such as housing allowance variables, which are important components of the
budget set that are often ignored. 35 The data set allows precise construction of the budget set.
It also contains more observations than that for the U.S., resulting in better precision and
enabling me to produce informative estimation results for the cdf and pdfs. However, there is
no information on hours of work. In addition to having high-quality data, Sweden is
interesting because it has among the highest tax rates in the world. Some researchers think
that Sweden may be close to the tax revenue Laffer curve maximum, where tax rate decreases
are close to revenue neutral.
Unlike in the U.S., all individuals are taxed individually in Sweden. The sample is
limited to married or cohabiting men between 21 and 60 years old. Individuals who received
medical leave benefits, parental leave benefits, income from self-employment, or student
financial aid above half of the average monthly gross earnings, which were approximately
17,700 SEK, 36 are excluded because of the difficulty of modeling their budget sets. 37
Individuals with incomes above 1 million SEK, who comprise approximately 5% of the
sample, are excluded. Out of 6,468 married or cohabiting men between 21 and 60 years old,
4,028 observations remain after the sample restrictions.

33

Gruber and Saez (2002) report a slope elasticity of 0.26 for the 1990s for taxable income and 0.13 for broad
income, whereas Weber (2014) reports a slope elasticity of 0.86 for taxable income and 0.48 for broad income.
Earnings are narrower than both taxable income and broad income. For hours of work, Ziliak and Kniesner
(1999) report a slope elasticity of 0.15, and Kumar (2007) reports a slope elasticity of 0.14.
34
This is based on estimating the linear budget set elasticity in a manner that accounts for real budget sets that
are nonlinear, as in Kumar (2007). In contrast, the hours of work elasticity based on a percentage increase in
gross wage rates often used in the literature (e.g., Aaberge et al., 1999) should be lower than the elasticity
concept adopted here (if we believe that the uncompensated slope elasticity is positive) because a gross wage
rate change also shifts the kink points downward.
35
For instance, the administrative data only give information on the housing allowances individuals actually
received, but not on how much they would have received if they were at another earnings level, which is needed
for constructing the entire budget set.
36
The SEK/USD exchange rate varied between 6.8 and 8.0 SEK/USD in 2006.
37
It is difficult to satisfactorily include these sources of income in the budget set. Eliminating everyone with a
positive income from these sources would, however, result in a large loss of observations. I describe below how
income from these sources is treated in the budget set in the selected sample.
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I adopt a secondary earner model in which the husband makes his choice conditional on
the wife’s choice, as in most other papers that use Swedish data (e.g., Blomquist and Newey,
2002). I use FASIT to construct the budget set of each individual in the sample. FASIT is a
tax simulation program similar to NBER-TAXSIM that was developed by Statistics Sweden.
It simulates in principle all features of the Swedish tax and transfer system that are relevant
for individuals, and it is used by the Swedish Ministry of Finance to simulate the mechanical
effects of a variety of tax policies, including potential future policies. Taxes and transfers are
calculated for each 10,000 SEK in earnings from 0 to 1 million SEK, holding unearned
income constant. Unearned income is set to be net household income when the husband has
zero earnings, which includes the net income of the spouse, capital income, and transfers
received at these earnings levels. However, I make two modifications. First, medical leave
compensation and capital gains are set to zero, because these components are difficult to
predict for individuals at the beginning of the year when they are planning how much to work
during the year. Second, implicit income from residence-owned housing is included.
Additionally, I include a simple rudimentary correction for consumption taxes using the
quotient of aggregate consumption tax revenues divided by aggregate private consumption.
These additional corrections are similar to those in much of the previous literature (e.g.,
Blomquist and Newey, 2002).
I include the following control variables: number of children below six years old (2
groups), 38 age (8 groups), education level (7 groups), occupation (8 groups), and county of
residence (21 groups).
In Appendix B, sample statistics for a number of outcome, budget set, and demographic
variables are first reported in Table B2. The distribution of gross earnings and the marginal
tax rate schedules with and without 39 consumption taxes for a representative individual are
then presented in Figure B2. On average, the husbands earned 425,069 SEK. They paid 63%
of gross earnings in taxes, generating average tax revenues of 265,615 SEK, of which 207,696
SEK came from taxes other than consumption taxes. The budget sets had, on average, a net
income level of 353,550 SEK, a net-of-tax rate of 0.31, and an unearned income level of
179,786 SEK. Approximately 5% of the individuals had no earnings. First-dollar marginal tax
rates were approximately 0.45 and top marginal tax rates were approximately 0.75. The tax
revenues and tax rates were considerably higher in Sweden than in the U.S., even when using
the comparable figures without consumption taxes. Part of the higher tax revenue share of
income is, however, because the husbands faced a higher marginal tax rate than did the wives
(because the husbands earned more), from whom tax revenues were included in the American
numbers.

38

Because families with small children are allowed to take parental leave days, number of small children affects
labor supply more than total number of children does.
39
The marginal tax rate schedule without consumption taxes is presented to allow a comparison with the U.S.
schedule in Figure B1.
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6.2 Results
The estimation results for the earnings of and tax revenues from married or cohabiting men
are reported in Table 3. Only estimates from the preferred specification (chosen by the crossvalidation criterion) are reported to save space. The estimated slope elasticity of earnings is
0.42, 40 and standard errors are one-third of the point estimate (0.14). The estimated income
elasticity of earnings is 0.05, and standard errors are one-fifth of the point estimate (0.01).
The estimated slope elasticity of tax revenues is -0.17. This is roughly one-third of the
mechanical slope elasticity without behavioral effects, which is -0.49. Although the earnings
slope elasticity is more precisely estimated for Sweden than for the U.S., the tax revenue
elasticity is relatively less precisely estimated. The standard errors are too large to rule out
behavioral effects or to determine if the behavioral effects completely counteract the
mechanical effect and that tax rates therefore are at the tax revenue Laffer curve maximum.
Table 3. Elasticity estimates for earnings and tax revenues
Outcome
Earnings

Budget set regressors

Tax revenues

∑ 𝑐𝑐, ∑ 𝑐𝑐 ′ , ∑ 𝑐𝑐 ′ 2 , 𝑐𝑐02 , ∑ 𝑐𝑐 2

∑ 𝑐𝑐, ∑ 𝑐𝑐 ′ , 𝑐𝑐0 ∑ 𝑐𝑐 ′ , ∑ 𝑐𝑐𝑦𝑦

Slope elasticity
0.42
(0.14)
-0.17
(0.24)

Income elasticity
0.05
(0.01)

Notes: Standard errors are reported in parentheses. All specifications include control variables for number of
children below six years old, age, education level, occupation, and county of residence. Elasticities are evaluated
at the average earnings level of 425,069 SEK, the average tax revenue level of 265,615 SEK, the average slope
of 0.31, and the average unearned income level of 179,786 SEK. The mechanical slope elasticity of tax revenues
without behavioral effects is -0.49.

I also report the estimation results for the cdf and pdfs of slope effects for earnings in Figure
3. Rather than reporting elasticities at each earnings level, I report marginal percentage point
effects on earnings of a percent change in average slope to ensure comparability across
earnings levels. The functions are estimated in earnings intervals of 50,000 SEK. Smaller
intervals lead to a substantial loss of precision for the pdfs.
The estimated cdf shows that decreasing the tax rates uniformly across the budget set
increases the probability of having an income above 100,000 SEK. The increase is largest for
earnings from above 200,000 to above 500,000 SEK. In this region, the estimated cdf effects
are also statistically significant. In terms of pdfs, the probability of having earnings between
50,000 and 200,000 SEK decreases and the probability of having earnings between 350,000
and 800,000 SEK increases. The estimated participation effect is, however, close to zero and
statistically insignificant, possibly because of the high participation rate of the husbands.
Uniform tax changes therefore primarily prompt individuals with low earnings in the parttime job region to increase their earnings (by working more or exerting more effort), resulting
in more individuals beginning to earn close to or more than average earnings. This result is,
however, not necessarily achieved by the part-time workers beginning to obtain full-time
earnings. It is more likely that the entire distribution above 50,000 SEK marginally shifts
upward.

40

This number can be compared with the 0.3 to 0.8 obtained by Hansson (2007).
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Figure 3. Estimated cdf and pdfs of slope effects for earnings
Notes: Marginal slope effects in percentage points of a percent change in slopes are reported in intervals of
50,000 SEK. The solid lines are the point estimates and the dashed lines are 95% confidence intervals. The cdf at
𝑥 is 𝑃𝑟(𝑦𝑦 > 𝑥), and the pdf at 𝑥 is Pr(𝑥 − 50 < 𝑦𝑦 ≤ 𝑥) except at 𝑥 = 0 where Pr(𝑥 = 0) is reported.

7. Conclusions
I have developed a structural method for evaluating labor supply in nonlinear budget sets that
does not require any distributional assumptions. As in the standard discrete choice method, I
discretized the labor supply options. However, instead of estimating the utility function, I
imposed the assumption that preferences are convex on the budget frontier and derived a
three-dimensional expected labor supply function. This function can be approximated flexibly
using a polynomial in its arguments, and it can be estimated with least squares. I also showed
how to extend the standard model to account for features such as fixed costs of work, labor
demand quantity restrictions, and the stigma cost of welfare participation. Furthermore, the
framework is applicable to estimating earnings, hours of work, and functions that depend on
the labor supply distribution, including tax revenue and cumulative distribution functions.
I then applied the method to estimate the effects of taxes on various labor supply
outcomes in the U.S. and Sweden in 2006. For the U.S., I used data from the PSID and
investigated households that filed jointly. I found an earnings slope elasticity of 0.27, an hours
of work slope elasticity of 0.01, and a tax revenue slope elasticity of -2.43. For Sweden, I
used data from HEK and investigated married or cohabiting men. I found an earnings slope
elasticity of 0.42 and a tax revenue slope elasticity of -0.17. Furthermore, the results showed
that tax decreases primarily decrease the share of individuals with one-eighth to one-half of
24

average earnings and increase the share of individuals with average or above average
earnings.
I have primarily discussed how to use the developed framework for analyzing the labor
supply effects of taxes. The framework is, however, also useful for other consumer choice
applications with nonlinear prices that create nonlinear budget sets, such as health insurance,
pension contributions, and electricity plans. There is also more methodological work to be
done. In particular, addressing productivity growth would allow for using repeated cross
sections or panel data that could provide more observations and a wider range of budget sets
from different tax regimes. Furthermore, if there is sufficient variation in budget set changes
between years, differencing or fixed-effect techniques could be used to address unobserved
individual or group specific heterogeneity.

Acknowledgements
I thank Sören Blomquist, Mikael Elinder, Lennart Flood, Anil Kumar, Whitney Newey,
Håkan Selin, and the seminar participants at the Uppsala Center for Fiscal Studies,
Department of Economics, Uppsala University, the Workshop on Public Economics and
Public Policy in Copenhagen, the 28th Annual Conference of the European Economic
Association in Gothenburg, and the 2014 American Economic Association Meeting for
valuable comments and suggestions. The Jan Wallander and Tom Hedelius Foundation, the
Swedish Research Council for Health, Working Life and Welfare (FORTE), and the Uppsala
Center for Fiscal Studies (UCFS) are acknowledged for their financial support.

25

Appendix
Appendix A. Proofs
Proof of Lemma 1. Assume 𝑢𝑗 = max𝑦 𝑢(𝑦𝑦, 𝑒). Then, obviously 𝑢𝑗 > 𝑢𝑗−1 and 𝑢𝑗 ≥ 𝑢𝑗+1 ,
proving the implication. Assume 𝑢𝑗 > 𝑢𝑗−1 and 𝑢𝑗 ≥ 𝑢𝑗+1. Eq. (8) implies 𝑢𝑗−1 > 𝑢𝑗−2 and
𝑢𝑗+1 ≥ 𝑢𝑗+2 and, more generally, 𝑢𝑗−𝑎 > 𝑢𝑗−𝑎−1 and 𝑢𝑗+𝑎 ≥ 𝑢𝑗+𝑎+1 for every 𝑎. Therefore,
𝑢𝑗 > 𝑢𝑗−𝑏 and 𝑢𝑗 ≥ 𝑢𝑗+𝑏 for every 𝑏 proving the reverse implication. Note that, 𝑦𝑦𝑗−1 �𝑦𝑦𝑗 � =
𝑦𝑦𝑗 − 𝛿 and 𝑦𝑦𝑗+1 �𝑦𝑦𝑗 � = 𝑦𝑦𝑗 + 𝛿 where 𝛿 is a constant reducing the dimensionality of 𝜇𝑗 (. ). ∎

Proof of Lemma 2. Suppose not; then there is a 𝑢𝑗 ≤ 𝑢𝑗−1 and 𝑢𝑗 < 𝑢𝑗+1 , and then there is a
𝑘 = 𝑗 − 1 and an 𝑙 = 𝑗 + 1 such that Eq. (8) does not hold. ∎
Proof of Corollary 1. Suppose not, i.e., that we have utility maximization with convex
preferences in convex budget sets but that Eq. (8) does not hold. Then, there is a 𝑢𝑗 <
min(𝑢𝑘 , 𝑢𝑙 ) such that 𝑦𝑦𝑘 < 𝑦𝑦𝑗 = 𝑎𝑦𝑦𝑘 + (1 − 𝑎)𝑦𝑦𝑙 < 𝑦𝑦𝑙 , 0 < 𝑎 < 1. Convexity of preferences
implies that 𝑈�𝑐𝑐𝑎 = 𝑎𝑐𝑐𝑘 + (1 − 𝑎)𝑐𝑐𝑙 , 𝑦𝑦𝑗 � > min( 𝑢𝑘 , 𝑢𝑙 ). Convexity of the budget set implies

that 𝑐𝑐𝑗 > 𝑐𝑐𝑎 and 𝑢𝑗 > 𝑈�𝑐𝑐𝑎 , 𝑦𝑦𝑗 �. However, then 𝑢𝑗 > min(𝑢𝑘 = 𝑢𝑙 ), which is a
contradiction. 41 ∎
Proof of Theorem 1. Lemma 2 implies

��𝑐𝑐𝑗 , 𝑦𝑦𝑗 �: 𝑢𝑗 > 𝑢𝑗−1 and 𝑢𝑗 ≥ 𝑢𝑗+1 � = ��𝑐𝑐𝑗 , 𝑦𝑦𝑗 �: 𝑢𝑗 > 𝑢𝑗−1 � − ��𝑐𝑐𝑗 , 𝑦𝑦𝑗 �: 𝑢𝑗+1 ≥ 𝑢𝑗 �.

(A1)

The law of total expectation gives
𝐽−1

𝐸(𝑦𝑦) =𝐿1 � � 𝑦𝑦�𝑦𝑦𝑗 , 𝜀�𝑑𝐹�𝑒, 𝜀�𝑢𝑗 > 𝑢𝑗−1 and 𝑢𝑗 ≥ 𝑢𝑗+1 �
𝑗=0

+ � 𝑦𝑦(𝑦𝑦0 , 𝜀)𝑑𝐹(𝑒, 𝜀|𝑢0 ≥ 𝑢1 ) + � 𝑦𝑦�𝑦𝑦𝐽 , 𝜀�𝑑𝐹�𝑒, 𝜀�𝑢𝐽 > 𝑢𝐽−1�
=

Eq.(A1)

𝐽−1

𝐽−1

𝑗=1

𝑗=1

� � 𝑦𝑦�𝑦𝑦𝑗 , 𝜀�𝑑𝐹�𝑒, 𝜀�𝑢𝑗 > 𝑢𝑗−1 � – � � 𝑦𝑦�𝑦𝑦𝑗 , 𝜀�𝑑𝐹�𝑒, 𝜀�𝑢𝑗+1 > 𝑢𝑗 �

− � 𝑦𝑦(𝑦𝑦0 , 𝜀)𝑑𝐹(𝑒, 𝜀|𝑢1 > 𝑢0 ) + � 𝑦𝑦�𝑦𝑦𝐽 , 𝜀�𝑑𝐹�𝑒, 𝜀�𝑢𝐽 > 𝑢𝐽−1� .

I used Lemma 1 (𝐿1) for the first equality and Eq. (A1), an implication of Lemma 2, for the
second equality. Collecting the terms gives Eq. (11). ∎

Proof of Theorem 2. Replacing 𝑢𝑗 in Eq. (5) by 𝑢𝑗𝐹 in Eq. (13), Assumption 2 implies a
modified Lemma 1 for interior solutions:

41

For simplicity, I assume strict convexity. The budget-constrained preferences are strictly convex if either
preferences or the budget set are strictly convex.
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𝑦𝑦 𝑑 = 𝑦𝑦𝑗 if and only if
𝐹
𝐹
𝐹
𝜇𝑗′ �𝑐𝑐𝑗 , 𝑐𝑐𝑗−1 , 𝑐𝑐𝑗+1 , 𝑦𝑦𝑗 , 𝑐𝑐0 , 𝑒� ⟺ 𝑢𝑗𝐹 > 𝑢𝑗−1
, 𝑢𝑗𝐹 ≥ 𝑢𝑗+1
, and 𝑢𝑗 > 𝑢0 .

(A2)

Otherwise, 𝑦𝑦 𝑑 = 0. Note that, 𝑦𝑦−0 and 𝑦𝑦0 are fixed between individuals at any given 𝑗 and
therefore drop out as arguments from 𝜇𝑗′𝐹 (. ). A comparison of Eq. (A2) and Eq. (9) shows
that the dimensionality of 𝜇 ′𝐹 (. ) increases by the argument 𝑐𝑐0 . It is now straightforward to
follow the derivation steps in Theorem 2 to derive Eq. (14). ∎
Proof of Theorem 3. Lemma 1 becomes the following for an interior option:

𝑦𝑦 𝑑 = 𝑦𝑦𝑗 if and only if
𝑆
𝑆
𝑆
𝑆
𝑆
𝜇𝑗′ �𝑐𝑐𝑗 , 𝑐𝑐𝑗−1 , 𝑐𝑐𝑗+1 , 𝑐𝑐𝑗𝑆 , 𝑐𝑐𝑗−1
, 𝑐𝑐𝑗+1
, 𝑦𝑦𝑗 , 𝑒� ⟺ 𝑢𝑗𝑆 > 𝑢𝑗−1
and 𝑢𝑗𝑆 > 𝑢𝑗+1
.

(A3)

It is now straightforward to follow the derivation steps in Theorem 1 to derive Eq. (17). ∎
Proof of Theorem 4. Lemma 1 becomes the following for an interior option:
𝑟 𝑑 = 𝑟𝑗 = 𝑟�𝑐𝑐𝑗 , 𝑐𝑐0 , 𝑦𝑦𝑗 � if and only if 𝜇𝑗′ �𝑐𝑐𝑗 , 𝑐𝑐𝑗−1 , 𝑐𝑐𝑗+1 , 𝑦𝑦𝑗 , 𝑒�.

(A4)

It is now straightforward to follow the derivation steps in Theorem 1 to derive Eq. (19). ∎
Proof of Theorem 5. Lemma 1 becomes the following for an interior option:
𝑦𝑦𝑘𝑑 = 1�𝑦𝑦 𝑑 = 𝑦𝑦𝑗 > 𝑘� if and only if 𝜇𝑗′ �𝑐𝑐𝑗 , 𝑐𝑐𝑗−1 , 𝑐𝑐𝑗+1 , 𝑦𝑦𝑗 , 𝑒�.

(A5)

𝑑
𝑦𝑦𝑘,𝑙
= 1�𝑘 < 𝑦𝑦 𝑑 = 𝑦𝑦𝑗 ≤ 𝑙� if and only if 𝜇𝑗′ �𝑐𝑐𝑗 , 𝑐𝑐𝑗−1 , 𝑐𝑐𝑗+1 , 𝑦𝑦𝑗 , 𝑒�.

(A6)

It is now straightforward to follow the derivation steps in Theorem 1 to derive Eqs. (22) and
(23). ∎
Proof of Theorem 6. Lemma 1 then becomes the following for an interior option:
ℎ𝑑 = ℎ𝑑 (𝑦𝑦 𝑑 , 𝜀 𝑤 ) =

𝑦𝑦𝑗
if and only if 𝜇𝑗′ �𝑐𝑐𝑗 , 𝑐𝑐𝑗−1 , 𝑐𝑐𝑗+1 , 𝑦𝑦𝑗 , 𝑒�,
𝑤(𝜀 𝑤 )

(A7)

Then, ℎ = ℎ(ℎ𝑑 , 𝜀) = ℎ(𝑦𝑦 𝑑 , 𝜀). It is now straightforward to follow the derivation steps in
Theorem 1 to derive Eq. (26). ∎

Appendix B. Sample statistics

Table B1. Sample statistics for the U.S.
Variable
Earnings
Hours of work
Tax revenues
∑ 𝑐𝑐
∑ 𝑐𝑐 ′
𝑐𝑐0

Age
Children

Mean
74,754
3,474
17,308
75,919
0.70
2,359
41.69
1.18

Std. dev.
41,847
1,257
13,578
5,327
0.03
6,639
10.32
1.19

Min
0
0
-4,499
56,499
0.56
-37,905
21.00
0

Max
200,000
8,514
72,355
119,750
0.85
44,183
60.00
7

Notes: Earnings, tax revenues, ∑ 𝑐𝑐, ∑ 𝑐𝑐 ′ , and 𝑐𝑐0 are in USD, and age is in years. ∑ 𝑐𝑐 and ∑ 𝑐𝑐 ′ are normalized by
1/number of points (200 points). Tax revenues do not include consumption taxes.
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Figure B1. Distribution of gross earnings and marginal tax rate schedule for a representative
individual in the U.S. in 2006
Table B2. Sample statistics for Sweden
Variable
Earnings
Tax revenues
Tax revenues no VAT
∑ 𝑐𝑐
∑ 𝑐𝑐 ′
𝑐𝑐0

Age
Children < 6 years

Mean
425,069
265,615
207,696
352,550
0.31
179,786
43.67
0.32

Std. dev.
185,145
125,671
104,567
157,556
0.02
157,117
10.01
0.64

Min
0
0
0
-169,094
0.13
-397,578
21
0

Max
997,990
729,534
644,136
5,538,507
0.42
5,356,334
60
4

Notes: Earnings, tax revenues, tax revenues No VAT, ∑ 𝑐𝑐, ∑ 𝑐𝑐 ′ , and 𝑐𝑐0 are in SEK, and age is in years. ∑ 𝑐𝑐 and
∑ 𝑐𝑐 ′ are normalized by 1/number of points (100 points). Tax revenues include consumption taxes and tax
revenues no VAT do not include consumption taxes.
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Figure B2. Distribution of gross earnings and marginal tax rate schedule for a representative
individual in Sweden in 2006
Notes: Marginal tax includes consumption taxes and marginal tax no VAT does not include consumption taxes.
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